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ABSTRACT 

In this paper we give a simple proof of Collin's theorem concerning free 
subgroups of C(4), T(4) groups. Our proof actually shows that a slender T(4) 
presentation (x~, x2 . . . . .  x° ; r) has a free subgroup of rank 2 provided there is a 
subset {a, b, c} of {xt, x2 . . . . .  x.} with the property that any non-empty freely 
reduced word in a, b, c equal to 1 in G has a subword of length 2 contained in 
an element of r*. 

§1. Introduction 

Collins [1] invest igated the free subgroup  of groups  with presenta t ions  

satisfying the C(4), T(4) condit ions (see also Johnson  [3]). H e  has shown that  

such a group G contains a free subgroup  of rank  two, except  in some  cases, 

which he lists explicitly. The  except ions  are all two genera to r  groups.  

In [2] the T(4) condi t ion was invest igated graphically.  He re  we give a s imple 

proof ,  in the spirit of [2], that  if G is a C(4), T(4)-group which can be genera ted  

by three  or  more  e lements ,  then  G contains a free subgroup  of rank  2. In fact, 

we p rove  a slightly s t ronger  result  which will be  stated explicitly later.  

We will say that  a p resen ta t ion  ( x ; r )  is slender if each e l emen t  of r is 

n o n - e m p t y  and cyclically reduced,  and if for each R ~ r, no cyclic pe rmuta t ion  of 

R or  R i, except  R itself, belongs to r. We deno te  by r* the set of all cyclic 

pe rmuta t ions  of e l ements  of r and their  inverses.  A word  W is called a piece 

(relative to r) if there  are distinct e lements  wu, wv of r*. The  p resen ta t ion  

satisfies C(p)  (p a posit ive integer)  if no e l emen t  of r* is the p roduc t  of less than 

p pieces. The  star graph of the p resen ta t ion  (x;  r) has ver tex  set x U x- l ,  and 

{x ~, y~} (x, y C x, le I = 161 = 1 is an edge  if and only if y ~x" is a subword  of 

some  e l emen t  of r*. The  p resen ta t ion  satisfies T(4) if and only if its star graph 
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has no triangles (see [2] for details). Two slender presentations (x,, x2 . . . .  , x,, ; r), 

(Xl, X 2 , . . . , x ,  ; s )  are said to be equ iva len t  if there is a permutat ion c~ of 

{1,2 . . . . .  n} such that O(r)* = s* where 0 is the automorphism of the free group 

on x~, x2 . . . .  , x,, defined by x~ ~ xo~,,. 

THEOREM. L e t  (x,, x2 . . . . .  x, ; r) (n _--> 3) be a s lender  C(4), T(4) presenta t ion  

not  equ iva len t  to a presentat ion  ( x ~ , x :, . . . , xn ; X ~ Q l , x ~_ O:,  . . . , x , -  2 O ,  ,_, s)  where  

s C_ r and  where  each  e l e m e n t  o f  {Ql, Qz . . . .  , Q,, :~} U s invo lves  only  x,, ~, x,,. 

Then  the group def ined by the presenta t ion  has  a free  subgroup o f  rank  2. 

REMARK. Our proof actually shows that a slender T(4) presentation 

(x~, x2 . . . . .  xn ; r) has a free subgroup of rank 2 provided there is a subset {a, b, c} 

of {x~, x2 . . . . .  x, } with the property that any non-empty freely reduced word in a, 

b, c equal to 1 in G has a subword of length 2 contained in an element of r*. It 

will be seen (§2) that a presentation satisfying the hypotheses of our theorem has 

such a subset. 

§2. Preliminaries 

Let (xt, x2 . . . . .  x. ; r )  be a slender presentation satisfying the assumptions of 

the theorem. We want to show that there is a 3-element subset {a, b, c} of 

{xt, x2 . . . .  , xn} with the property:  

A n y  n o n - e m p t y  f ree ly  reduced word in a, b, c equal  to 1 in G 

( t )  has  a subword  o f  length 2 con ta ined  in an e l e m e n t  o f  r*. 

LEMMA. A 3 - e l e m e n t  subset  { a , b , c }  o f  {x~,x2 . . . . .  x , }  satisf ies ( t )  except  

possibly  i f  there is an  e l eme n t  R E r where  one  o f  a, b, c occurs exac t l y  once  in R 

and  in no other relator. 

PROOF. Suppose there is a non-empty freely reduced word W in a, b, c equal 

to 1 in G but which does not have a subword of length 2 contained in r*. Let M 

be a reduced Van Kampen diagram with boundary label W. By standard small 

cancellation theory (see [4] chapter V) M has a boundary region A (labelled by R 

say) such that A has at most two interior edges, 0A N OM is a consecutive part of 

M, the label u on 0A (-I OM is a subword of IV. By assumption u has length 1. 

Since the label on the interior edges of A are pieces, the C(4) condition implies 

that u is not a piece. Thus u cannot occur in any relator except R. Also it occurs 

once in R because it cannot be part of a label of an interior edge of A. 

Now suppose {x~, x2, x3} does not satisfy (+). Then by the Lemma we can 

assume (relabelling if necessary) that x~ occurs once in some relator Rz and in no 
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other relator. Some cyclic permutation of R 7 will then have the form x~ O1 where 

xl does not occur in O~. Now consider {x2, x3, x4}, and so on. If we do not 
eventually find a subset satisfying (t) then we will have that (xz, x2 ..... x,, ; r) is 

equivalent to a presentation 

(xl, xz,...,x, ;x~Q,,XEQz,...,x, 2Q,-2, s) 
where s C r and the elements of {Q~, Q2, . . . ,  Q, 2} u s involve only x, i, x, 

which contradicts the assumption. 

§3. Proof of the Theorem 

Let {a, b, c} be a subset of {xz, x2 . . . . .  x,} satisfying (t) and consider the full 

subgraph F(a, b, c) with the star graph of the presentation (x~, x2 . . . . .  xn ; r) on 

the vertices a, a ~, b, b ~, c, c ~. Let ~3 be the subgroup of the symmetric group 
on {a,b,c,a-',b-',c '} generated by the elements (xy)(x ly ,), (xx-1) 
(x, y E {a, b, c}). Then it is shown in [2] that, up to permutating the vertices by an 

element of ~3, F(a, b, c) is a subgraph of one of the following: 

(1 

a a a ~ b  

C C ~ b L 

Fig. 1. Fig. 2. Fig. 3. 

-I 
C 

\ ~ b ' b ~  

i 
a 

a a 

c '  b-' b b '  

2 
C --i 

a 

Fig. 4. Fig. 5. Fig. 6. Fig. 7. 
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It  the re fore  suffices to assume that  F(a,  b, c) is a subgraph  of one of the above.  

Note  that  a word  xy  of length 2 (x, y E {a, a ~, b, b ~, c, c-~}) is a subword  of an 

e l emen t  of r* if and only if {x -1, y} is an edge of F(a,  b, c). 

Suppose  F(a,  b, c)  is a subgraph  of the first graph.  Then  none  of the words  

c Ib, b - ' a ,  c-~a, ba -~, ca ~, cb -~ occurs  as a subword  of an e l emen t  of r*. It  

follows that  a -1 b, a-~c freely genera te  a subgroup  of the group  G defined by the 

presenta t ion ,  for  no n o n - e m p t y  freely reduced  word  in a lb, a-~c has (after  

freely reducing in te rms  of a, b, c)  a subword  of length 2 conta ined  in an e l emen t  

of r*. For  the remain ing  cases similar a rgumen t s  apply.  For  each  case we list in 

Table  1 two words u, v in a, b, c, and we leave it to the r eader  to verify that  if 

W ( u ,  v)  is a n o n - e m p t y  freely reduced  word  in u, v, then af ter  f reely reducing 

W ( u ,  v)  in te rms  of a, b, c, we obta in  a n o n - e m p t y  word  with no subword  of 

length 2 conta ined  in an e l emen t  of r*. 

TABLE 1 

Fig. u v 

2 cbc - J a 
3 bab ~ a 
4 cbc ~ b 
5 ab-~cba -~ cbc -~ 
6 cbc ~ aba-' 
7 aba -~ cbc -~ 
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